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Machine Learning 

Online course #7
Regression: Linear Regression
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Views

Profit
Profit of the video ∝ the number of views 

Linear Regression?

Video Views Profit

1 1 3

2 2 6

3 3 5

4 4 8

5 5 7

6 6 6

7 7 9



Views

Profit

Linear Regression? Fitting a line to data

Is this line the best 
we can use?



Views

Profit

Linear Regression? Fitting a line to data

𝐷𝐷1 = 3

𝐷𝐷2 = 1
𝐷𝐷3 = 2

𝐷𝐷4 = 2

𝐷𝐷6 = 1

𝐷𝐷7 = 3

𝐷𝐷5 = 0



Views

Profit

Linear Regression? Fitting a line to data

𝐷𝐷1 = 3

𝐷𝐷2 = 1
𝐷𝐷3 = 2

𝐷𝐷4 = 2

𝐷𝐷6 = 1

𝐷𝐷7 = 3

𝐷𝐷5 = 0

Sum of Distance squared = 𝐷𝐷12 + 𝐷𝐷22 + 𝐷𝐷32 + 𝐷𝐷42 + 𝐷𝐷52 + 𝐷𝐷62 + 𝐷𝐷72

Sum of Distance squared = 32 + 12 + 22 + 22 + 02 + 12 + 32 = 28



Views

Profit

Linear Regression? Fitting a line to data

𝐷𝐷1 = 3

𝐷𝐷2 = 1
𝐷𝐷3 = 2

𝐷𝐷4 = 2

𝐷𝐷6 = 1

𝐷𝐷7 = 3

𝐷𝐷5 = 0

Sum of Squared Distance = 𝐷𝐷12 + 𝐷𝐷22 + 𝐷𝐷32 + 𝐷𝐷42 + 𝐷𝐷52 + 𝐷𝐷62 + 𝐷𝐷72

Sum of squared  Distance = 32 + 12 + 22 + 22 + 02 + 12 + 32 = 28

How well 
this line fits 

the date

Distance  Error

Sum of Squared 
Distance  Sum of 

Squared Errors (SSE)



Views

Profit

Linear Regression? Fitting a line to data

𝐸𝐸1 = 1

𝐸𝐸2 = 2

𝐸𝐸3 = 1.5

𝐸𝐸4 = 3

𝐸𝐸6 = 2

𝐸𝐸7 = 2

𝐸𝐸5 = 0



Views

Profit

𝐸𝐸1 = 1

𝐸𝐸2 = 2

𝐸𝐸3 = 1.5

𝐸𝐸4 = 3

𝐸𝐸6 = 2

𝐸𝐸7 = 2

𝐸𝐸5 = 0

Sum of Squared Errors = 𝐸𝐸12 + 𝐸𝐸22 + 𝐸𝐸32 + 𝐸𝐸42 + 𝐸𝐸52 + 𝐸𝐸62 + 𝐸𝐸72

𝑆𝑆𝑆𝑆𝑆𝑆 = �
𝑖𝑖=1

7
𝐸𝐸𝑖𝑖2 = 12 + 22 + 1.52 + 32 + 02 + 22 + 22 = 24.25



Views

Profit

𝐸𝐸1 = 1

𝐸𝐸2 = 1

𝐸𝐸3 = 2

𝐸𝐸4 = 2

𝐸𝐸6 = 3

𝐸𝐸7 = 0.2

𝐸𝐸5 = 1

Sum of Squared Errors = 𝐸𝐸12 + 𝐸𝐸22 + 𝐸𝐸32 + 𝐸𝐸42 + 𝐸𝐸52 + 𝐸𝐸62 + 𝐸𝐸72

𝑆𝑆𝑆𝑆𝑆𝑆 = �
𝑖𝑖=1

7
𝐸𝐸𝑖𝑖2 = 12 + 12 + 22 + 22 + 12 + 32 + 0.22 = 20.04



Views

Profit

Views

To find a better fitting line

SSE=28 SSE=24.25>



Views

Profit

Views

To find a better fitting line

SSE=24.25 SSE=20.04>



To minimize the SSE

Objective: Find the line which minimizes the sum of squared error

Min(SSE)

𝑆𝑆𝑆𝑆𝑆𝑆 = �
𝑖𝑖
𝐸𝐸𝑖𝑖2

𝐸𝐸𝑖𝑖 = 𝑌𝑌𝑖𝑖 − �𝑌𝑌𝑖𝑖

X

Y

𝑌𝑌𝑖𝑖

�𝑌𝑌𝑖𝑖 𝐸𝐸𝑖𝑖

= �
𝑖𝑖
{𝑌𝑌𝑖𝑖 − 𝛼𝛼 + 𝛽𝛽𝑋𝑋𝑖𝑖 }2

�𝑌𝑌𝑖𝑖 = 𝛼𝛼 + 𝛽𝛽𝑋𝑋𝑖𝑖𝐸𝐸𝑖𝑖 = 𝑌𝑌𝑖𝑖 − (𝛼𝛼 + 𝛽𝛽𝑋𝑋𝑖𝑖)



To minimize the SSE

Objective: Find the line which minimizes the sum of squared error

Min(SSE)

𝑆𝑆𝑆𝑆𝑆𝑆 = �
𝑖𝑖
𝐸𝐸𝑖𝑖2= �

𝑖𝑖
{𝑌𝑌𝑖𝑖 − 𝛼𝛼 + 𝛽𝛽𝑋𝑋𝑖𝑖 }2

𝜕𝜕
𝜕𝜕𝛼𝛼�𝑖𝑖

{𝑌𝑌𝑖𝑖 − 𝛼𝛼 + 𝛽𝛽𝑋𝑋𝑖𝑖 }2 = 0

𝜕𝜕
𝜕𝜕𝛽𝛽�𝑖𝑖

{𝑌𝑌𝑖𝑖 − 𝛼𝛼 + 𝛽𝛽𝑋𝑋𝑖𝑖 }2 = 0

Given
𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥 = �

𝑖𝑖
(𝑋𝑋𝑖𝑖 − �𝑋𝑋𝑖𝑖)2

𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥 = �
𝑖𝑖
(𝑋𝑋𝑖𝑖 − �𝑋𝑋𝑖𝑖) × (𝑌𝑌𝑖𝑖 − �𝑌𝑌𝑖𝑖)

𝛽𝛽 =
𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥
𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥

𝛼𝛼 = �𝑌𝑌𝑖𝑖 − 𝛽𝛽 �𝑋𝑋𝑖𝑖



In Sum!

X

Y

�
𝑖𝑖
𝐸𝐸𝑖𝑖2

𝐸𝐸1

𝐸𝐸2 𝐸𝐸3

𝐸𝐸4

𝐸𝐸5
𝐸𝐸6

𝐸𝐸7

𝑀𝑀𝑀𝑀𝑀𝑀(�
𝑖𝑖
𝐸𝐸𝑖𝑖2)

�𝑌𝑌𝑖𝑖 = 𝛼𝛼 + 𝛽𝛽𝑋𝑋𝑖𝑖

𝑀𝑀𝑀𝑀𝑀𝑀(�
𝑖𝑖
(𝑌𝑌𝑖𝑖 − �𝑌𝑌𝑖𝑖)2)

𝑀𝑀𝑀𝑀𝑀𝑀(�
𝑖𝑖
(𝑌𝑌𝑖𝑖 − 𝛼𝛼 − 𝛽𝛽𝑋𝑋𝑖𝑖)2)

𝛼𝛼 = �𝑌𝑌𝑖𝑖 − 𝛽𝛽 �𝑋𝑋𝑖𝑖 𝛽𝛽 =
𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥
𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥

Model: 𝐘𝐘 = 𝟑𝟑.𝟒𝟒 + 𝟎𝟎.𝟕𝟕𝑿𝑿



How good our model is: The R squared

X

Y

X

�𝒀𝒀

𝑉𝑉𝑉𝑉𝑉𝑉 𝑌𝑌 = �
𝑖𝑖=1

7
(𝑌𝑌 − �𝑌𝑌)2 𝑉𝑉𝑉𝑉𝑉𝑉 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = �

𝑖𝑖=1

7
(𝑌𝑌 − �𝑌𝑌𝑖𝑖)2



How good our model is: The R squared

X

Y

X

�𝒀𝒀

𝑉𝑉𝑉𝑉𝑉𝑉 𝑌𝑌 = �
𝑖𝑖=1

7
(𝑌𝑌 − �𝑌𝑌)2 𝑉𝑉𝑉𝑉𝑉𝑉 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = �

𝑖𝑖=1

7
(𝑌𝑌 − �𝑌𝑌𝑖𝑖)2𝑅𝑅2 =

𝑉𝑉𝑉𝑉𝑉𝑉 𝑌𝑌 − 𝑉𝑉𝑉𝑉𝑉𝑉(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙)
𝑉𝑉𝑉𝑉𝑉𝑉(𝑌𝑌)



How good our model is: The R squared

X

Y

X

�𝒀𝒀

𝑉𝑉𝑉𝑉𝑉𝑉 𝑌𝑌 = �
𝑖𝑖=1

7
(𝑌𝑌 − �𝑌𝑌)2 𝑉𝑉𝑉𝑉𝑉𝑉 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = �

𝑖𝑖=1

7
(𝑌𝑌 − �𝑌𝑌𝑖𝑖)2𝑅𝑅2 =

𝑉𝑉𝑉𝑉𝑉𝑉 𝑌𝑌 − 𝑉𝑉𝑉𝑉𝑉𝑉(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙)
𝑉𝑉𝑉𝑉𝑉𝑉(𝑌𝑌)

= 30 = 5= (30-5) / 30 = 
5/6 = 0.83



Let’s get back to the first example

Video Views Profit

1 1 3

2 2 6

3 3 5

4 4 8

5 5 7

6 6 6

7 7 9



Video Views Profit

1 1 3

2 2 6

3 3 5

4 4 8

5 5 7

6 6 6

7 7 9

Learning model with linear model function (lm)

𝐸𝐸𝑖𝑖

𝛼𝛼=
𝛽𝛽=



Model interpretation

𝐸𝐸𝑖𝑖

𝛼𝛼=
𝛽𝛽=

Model: 𝐘𝐘 = 𝟑𝟑.𝟒𝟒 + 𝟎𝟎.𝟕𝟕𝑿𝑿



Prediction 

Model: 𝐘𝐘 = 𝟑𝟑.𝟒𝟒 + 𝟎𝟎.𝟕𝟕𝑿𝑿

Views Profit

8 𝟑𝟑.𝟒𝟒 + 𝟎𝟎.𝟕𝟕 ∗ 𝟖𝟖 = 𝟗𝟗

9 𝟑𝟑.𝟒𝟒 + 𝟎𝟎.𝟕𝟕 ∗ 𝟗𝟗 = 𝟗𝟗.𝟕𝟕

10 𝟑𝟑.𝟒𝟒 + 𝟎𝟎.𝟕𝟕 ∗ 𝟏𝟏𝟏𝟏 = 𝟏𝟏𝟏𝟏.𝟒𝟒



Views

Profit
Profit of the video ∝ the number of views 

When the number of features is two

Views Ads Profit

1 2 4

2 3 5

3 2 5

4 1 4

5 4 8

6 3 6

7 4 10

#Ads

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖 = 𝛼𝛼 + 𝛽𝛽𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑖𝑖 + 𝛾𝛾𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 + 𝜀𝜀𝑖𝑖



To minimize the SSE

Objective: Find the line which minimizes the sum of squared error

Min(SSE)

𝑆𝑆𝑆𝑆𝑆𝑆 = �
𝑖𝑖
𝐸𝐸𝑖𝑖2= �

𝑖𝑖
{𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖 − 𝛼𝛼 + 𝛽𝛽𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑖𝑖 + 𝛾𝛾𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 }2

𝜕𝜕
𝜕𝜕𝛼𝛼�𝑖𝑖

{𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖 − 𝛼𝛼 + 𝛽𝛽𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑖𝑖 + 𝛾𝛾𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 }2 = 0

𝜕𝜕
𝜕𝜕𝛽𝛽�𝑖𝑖

{𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖 − 𝛼𝛼 + 𝛽𝛽𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑖𝑖 + 𝛾𝛾𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 }2 = 0

𝜕𝜕
𝜕𝜕𝛾𝛾�𝑖𝑖

{𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖 − 𝛼𝛼 + 𝛽𝛽𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑖𝑖 + 𝛾𝛾𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 }2 = 0

𝛼𝛼,𝛽𝛽, 𝛾𝛾

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖 = 𝛼𝛼 + 𝛽𝛽𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑖𝑖 + 𝛾𝛾𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 + 𝜀𝜀𝑖𝑖

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝛼𝛼 + 𝛽𝛽 ∗ 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 + 𝛾𝛾 ∗ 𝐴𝐴𝐴𝐴𝐴𝐴



Linear regression Pros & Cons

Pros Cons
Simple model Overly-simplistic 

Computationally efficient Linearity assumption

Easy interpretability Severely-affected by outliers

Independence of variables

Assumes Homoskedacity

Inability to determine Feature importance
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